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ABSTRACT 
In this note we discuss ome aspects of a commonly used scheme of reasoning, 
namely modus ponens, currently used in the implementation  f fuzzy controllers. 
Some drawbacks of the existing algorithms leading to implementation of the 
inference scheme are clearly indicated. Given a set of rules { Ak -'* Bk, k = 1 . . . . .  
N} and a fuzzy antecedent A~, the expected consequent Bk is generally not obtained, 
but a sufficient condition is proposed to get this result. 
KEYWORDS: modus ponens, implication operator, compositional rule o f  
inference, fuzzy  controllers 
INTRODUCTION 
One of the most commonly used methods of reasoning in the presence of fuzzy 
data is the modus ponens of inference. Concisely speaking, having an 
implication statement containing fuzzy quantities .41 and B~ (,4~ ~ Bi)  and an 
input information A (all .4, "41, B~ are viewed as fuzzy sets defined in 
appropriate finite universes of discourse `4, B),  a consequent B is derived 
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according to the following scheme: 
A 
Al iB I  
B=? 
(1) 
Zadeh [1] was the first to propose several ways to express the implication 
statement in (1) by performing a combination of A and Al --* B1 (a so-called 
compositional rule of inference). Since then many extensions have been 
reported, and recently an interesting hardware realization has been reported 
(Togai and Watanabe [2]). One way of implementing (1) that is commonly used 
relies on treating the implication standing in (1) as a Cartesian product of A l and 
B~ and performing its max-min composition with the fuzzy set A. 
More formally, 
which is read as 
B=A o (AI xB1) (2) 
n 
B(bj)= W [A(ai) A Al(ai) A B1(bj) ] 
i=I 
where A = min;v  = max;/ = 1,2 ..... n;j = 1,2 ..... m;A = {a~, a2, 
.... an}, B = {bl, b2 ..... bin}; A, AI :A ~ [0, I]; B, BI:B ~ [0, I]. 
The inference scheme (1) implemented as in (2) has found interest mainly 
because of some features that are particularly useful in a flexible computer 
implementation. First, utilizing (2) there is no need to store the fuzzy relation 
representing the implication. Second, in the same manner, one easily extends 
this construction for the modus ponens consisting of many implications, namely, 
A 
Al iB I ,  A2~B2 . . . . .  AN~BN 
B=? (3) 
Then, combining all the relations corresponding to the individual implications 
{Ak "+ Bk, k = I, 2 ..... N}  by taking the union (King and Mamdani  [3]), 
one has for scheme (3) 
)] B=A o (AkXBj, (4) 
Unfortunately, there is no clear reason for treating (4) as an inference 
formula. In this paper we indicate a certain phenomenon called an implementa- 
tion discrepancy directly attached to scheme (4), discuss its influence on the 
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computed consequent, and formulate a set of certain conditions that are useful in 
minimizing the influence of this phenomenon. In a certain sense, the discussion 
covered here is related to the notion of interactivity of control rules of the fuzzy 
controller. 
A PROBLEM OF IMPLEMENTATION DISCREPANCY OF 
MODUS PONENS 
Let us refer to the commonly used formula (4). A main question arising in the 
study of this form of implementation f modus ponens concerns the use of the 
Cartesian product (minimum) and max-min composition and their mutual 
relationship. Unfortunately, a complete and theoretically sound explanation for 
this approach does not exist. 
Referring to an extensive treatment given by Dubois and Prade [4] and the 
results obtained by using fuzzy relations (Baldwin and Guild [5]) and fuzzy 
equations (Pedrycz [6]), one can expect an intermediate r lationship to exist 
between a way of combining some pieces of evidence (implications) and a 
mechanism involved in performing a suitable inference. Unfortunately, the 
union of the implications and max-min composition are not logically consistent 
or supported by theory. This does not, of course, preclude the utilization of (4), 
but one has to pay attention to some phenomena that may occur. 
Generally speaking, the problem of discrepancy in the implementation of
modus ponens can be treated as a lack of complete reproducibility of the 
consequents for any given antecedent. In fact, using the scheme given by (4) and 
replacing A by one of the Ak's, there is no guarantee that the resulting 
consequent B is exactly equal to Bk. It is quite evident (Di Nola et al. [7]) that if 
the Ak are normal fuzzy sets [i.e., their heights are equal to 1, hgt(Ak) = 
max{Ak(ai):  = 1 . . . . .  n}], then the inequality Ak o R D Bk is preserved for 
any k = 1, 2 . . . . .  N. This phenomenon is dueto the union of all the fuzzy 
relations reflecting the implication statements. 
Let us observe how this phenomenon i fluences the two fields of application 
in which modus ponens forms an essential way of inference. 
(i) FUZZY CONTROLLERS (OR SIMPLE CONTROL EXPERT SYSTEMS). In this 
case the implications given are just the rules describing the knowledge 
concerning the process (system) under control. More specifically, the 
antecedents describe situations in the system while the consequents deal with 
actions that have to be taken. 
Then, changing the fuzzy set of control A with Ak, we could have drastic 
changes in nonfuzzy control action (this nonfuzzy value of control is computed 
by the center-of-gravity method). Some numerical results have been reported in 
the literature (Di Nola et al. [7]). In the case that one treats a fuzzy controller as 
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a significant simple reduced expert system requiring aone-stage inference chain, 
then the fuzzy sets of control are too "fuzzy" in comparison to the original 
fuzzy sets of control forming the fuzzy sets of the rules. 
(ii) FUZZY MODELS. The implication statements can be treated as a source of 
knowledge that is useful in describing the behavior of the system being modeled. 
Then antecedents and consequents are viewed as elements of the following data 
set (viewed as ordered pairs): 
{(A1, B1), (A2, 32) . . . . .  (AN, BN)} 
These are utilized for model construction i the following. 
Let us visualize the phenomenon fautomodification f the model that could 
happen if one implements the above inference scheme (4). Starting with the 
original data set (Ak, Bk), k = 1, 2 . . . . .  N, perform the inference 
A 
Ak ~ Bk k = 1, 2 . . . . .  N 
B=? 
treating A as A1, A2 . . . . .  AN, respectively, and deriving B~', B~ . . . . .  B~ 
(not necessarily equal to Bl, B2 . . . . .  BN). we enlarge the data set, which now 
consists of 2N pairs; that is, 
{(Ai ,  B,), (A2, B2) . . . . .  (AN, BN), (A1, S ;  ), (A2, B~) . . . . .  (AN, B~)} 
Then the model constructed on the basis of this extended ata set could be 
changed with respect to that stemming from the original data set. In other words, 
the model derived in such a way has been automodified. All these phenomena 
happen as a consequence of the implementation f the inference scheme. 
Therefore it is interesting to solve the following problem. Given fuzzy sets 
Ak, Bk, k = 1, 2 . . . . .  N, give conditions on the same fuzzy sets such that the 
following set of equalities is satisfied: 
Ak o (Ah X Bh) = Bk, k= 1, 2 . . . . .  N (5) 
This, in fact, describes a situation in which the implementation (4) of the modus 
ponens works properly. The solution of the above-stated problem is specified in 
terms of the following proposition. 
PROPOSITION I f  the fuzzy sets Ak satisfy the following conditions for any 
k=1,2  . . . . .  N, 
n m 
V Ak(ai) >>. V Bk(bj) (6) 
i=1  j= l  
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N n m 
V V [Ak(ai) A Ah(ai)] <~ A Bk(bj) 
h=l  i= l  j= l  
hC:k 
then (5) is fulfilled; that is, for any k = 1, 2 . . . . .  N, 
V k(ai) A [Ah(ai) ^  Bh(bj)] =Bk(bj) 
i= l  
Proof From condition (6), we get for any k and j
n 
V Ak(ai) >i Bk(bj) 
i=1 
which implies that 
" [+ 1 V [Ak(ai) A Bk(b/)]= Ak(ai) A Bk(bi)=Bk(bi) 
i=1 1..i= 1 -.I 
Bearing in mind condition (7), we have, for each h :~ k and for any j, 
tl 
V [Ak(ai) A Ah(ai)] <. B~(bj) 
i=1  
This leads to the inequality 
S n 
V V [Ak(ai) A Ah(ai) A Bh(bj)] <~ Bk(bj) 
h=l  i=1 
h*k  
From (8) and (9), we get, for any j and k, 
maxIiVl[Ak(ai) ABk(b J ) ] ' .=  
V [Ak(ai) A Ah(ai) A Bh(bj)] =Bk(bj) 
i= l  h=l  
h~k 
(7) 
(8) 
(9) 
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and, making explicit he left side of this equality, we deduce that 
V max k(ai) ^  Bk(bj), [Ak(ai) ^  Ah(ai) ^  Bn(bj)] 
i=1  h=l  
h~xk 
= V max k(ai) ^  Ak(ai) ^  Bk(bj), 
i=1 
Ak(ai) ^  [Ah(a~) ^ Bn(bj)] 
hg:k 
= g k(ai) A max Ak(ai) A Bk(bj), [Ah(ai) A Bh(bj)] 
i=l h=l  
h~k 
= Bk(bj) 
which comples the proof. 
The above proposition gives a set of certain restrictions imposed on the 
antecedents of the implications. It is worthwhile to transform them into another 
form referring to the definitions of height of a fuzzy set and of possibility 
measure. Indeed, we can rewrite (6) and (7) for any k = 1, 2 . . . . .  N: 
hgt (Ak) /> hgt (Bk) 
N m 
V Poss (Ak/Ah) <~ A Bk(bj) 
h=l  j= l  
h:~k 
(6') 
(7 ') 
Note that condition (6') can be easily satisfied: It is quite evident since the 
fuzzy sets Ak, Bk, k = 1, 2 . . . . .  N reflect he linguistic labels considered in 
any problem discussed and therefore should possess elements of grades of 
membership equal to 1. Loosely speaking, the second condition (7 ') underlines 
the fact that the fuzzy labels standing as antecedents must be sufficiently 
"separated"; the strength of their overlapping (expressed by their possibility 
measure) cannot exceed the minimum value of the membership function of the 
corresponding consequent. We note that inequality (7') is certainly satisfied if 
the fuzzy sets of antecedents are completely disjoint of each other, that is, if 
Ak(ai) A Ah(ai)=O 
for each h q: k and for any i. 
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CONCLUSION 
We have discussed the problem of a suitable implementation scheme of 
reasoning with vague data. It was pointed out that the most common algorithm in 
the literature suffers from the property of distortion of the original fuzzy sets in 
the family of " i f - then" statements. The results derived in this paper do not 
completely preclude the usefulness of the algorithm but stress the need to take 
care with the results produced by it. 
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